Abstract-In this paper, we propose a method to calculate the average blocking probability in all-optical networks using limited-range wavelength conversion. Previous works have shown that there is a remarkable improvement in blocking probability while using limited-range wavelength conversion, but these analytical models were either for a path or for a mesh-torus network. Using a graph-theoretical approach, we extend Birman's model for no wavelength conversion and derive an analytical expression to compute the blocking probabilities in networks for fixed routing. The proposed model is applicable to any network topology. We consider the case where an incoming wavelength can be converted to adjacent outgoing wavelengths on either side of the input wavelength, in addition to the input wavelength itself, where is the degree of conversion. When = 0 and = ( ( 1) 2), where is the capacity of a link, the proposed model reduces to the model previously given for no wavelength conversion and the model previously given for full wavelength conversion respectively. Using this model we demonstrate that the performance improvement obtained by full wavelength conversion over no wavelength conversion can almost be achieved by using limited-range wavelength conversion with the degree of conversion, , being only 1 or 2. In a few example networks we considered, for blocking probabilities up to a few percent, the carried traffic with limited conversion degree = 2 was almost equal to the carried traffic for full wavelength conversion.
I. INTRODUCTION

I
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bandwidth (25 THz), low loss (0.2 dB/km) and very low bit error rate (10 -10 ) .
In all-optical networks, the data remain in the optical domain throughout their path except at the ends. Such paths are termed lightpaths. The currently favored technology to tap the huge bandwidth of optical fiber is wavelength division multiplexing (WDM). In WDM networks, the optical spectrum is divided into many different channels, and each channel corresponds to a different wavelength which can operate at the peak electronic speed. In wavelength routed WDM networks, we can reuse the wavelength provided no two lightpaths sharing a link are assigned the same wavelength.
In networks using full wavelength conversion, a call is accepted if on all the links on its route there is at least one free wavelength. With no wavelength conversion, a call is accepted on a route if there exists at least one wavelength which is simultaneously free on all the links of that route. This constraint is known as the wavelength continuity constraint. This means a call can be blocked even if there are free wavelengths (but not the same one) on all the links. Therefore, having full wavelength conversion is advantageous [3] , [5] , [8] in that it decreases the blocking probability.
However, implementing all-optical full wavelength conversion is quite difficult due to technological limitations. So, it is interesting to investigate whether we can do as well as full wavelength conversion in terms of blocking performance by using limited-range wavelength conversion, if not by using no wavelength conversion.
Limited wavelength conversion can imply a limit on the number of nodes with full wavelength conversion capability (sparse wavelength conversion) [7] , or a limit on the range of wavelengths to which a given wavelength can be converted (limited-range conversion).
The analysis presented in [1] and [2] for calculating blocking probability with limited-range conversion, though shown to be beneficial, is restricted to some specific network topologies. In this paper, we have extended the idea given in [3] to derive an analytical expression to compute the blocking probability of networks with limited-range conversion for fixed routing. The analysis can be used for any network topology.
The rest of the paper is organized as follows. In Section II, we present our analytical model to calculate the blocking probabilities for limited wavelength conversion. In Section III we present numerical results, and in Section IV we conclude.
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II. LIMITED-RANGE WAVELENGTH CONVERSION
A. Traffic Model
In our case, we consider the online blocking model [9] . The lightpaths are set up and taken down on demand. These are analogous to setting up and taking down circuits in circuit-switched networks.
B. Assumptions
The following assumptions are used in our analytical model. 1) External calls arrive at each node according to an independent stationary Poisson process with rate . 2) Call holding time is exponentially distributed with unit mean. 3) Calls that cannot be routed in the network are blocked and lost. 4) The capacity of the links, denoted by , is the same for all the links in the network. Each call requires a full wavelength on each link of its path. 5) Wavelengths are assigned uniformly randomly from the set of free wavelengths on the associated path. 6) Simplex connections are considered. 7) Existing lightpaths/calls cannot be reassigned different wavelengths to accommodate the new lightpath/call request.
C. Analytical Model for Limited-Range Conversion
We assume that for any given input wavelength, it is possible to translate it to a limited range of output wavelengths. More precisely, it is assumed that a wavelength can be converted to adjacent wavelengths on either side of the input wavelength, in addition to the input wavelength itself, where is the degree of conversion. Hence, any wavelength can be converted to wavelengths. For example, incoming wavelength can be converted to any of the outgoing wavelengths . We also assume that the conversions are circularly symmetric.
Let denote the probability of having choices for the outgoing wavelengths on an -hop path given that wavelengths are free on links respectively. If , Pr
where is a random variable denoting the number of choices for the outgoing wavelengths on route and the random variables denote the number of free wavelengths on link . Let us first consider the case of a two-hop route , for which Pr (2) This is the probability of having possible outgoing wavelengths on a two link route given that and wavelengths are free on the first and the second link, respectively. We can think of having a bipartite graph , where the set of vertices and represent the set of wavelengths available on the first and second link, respectively; hence, the cardinality of both the sets is equal to the capacity of the link , i.e.,
. Each vertex has an edge incident with the "facing" vertex and adjacent vertices on either side of (see Fig. 1 ). Therefore, each vertex of will have a degree of . The vertices in set which are adjacent to a vertex in set are called its neighbors. For example, the neighbors of vertex are vertices 1, 2, and 3 as shown in Fig. 1 . The edges denote the possible conversion from one wavelength to another wavelength. For the last (respectively, first) vertex, we will have edges to the immediately higher (respectively, lower) vertices and the first (respectively, last) vertices from the top (respectively, bottom), i.e., the wavelength conversion is assumed to be circularly symmetric. This is merely for the sake of analytical convenience, as it distributes the load uniformly among all the wavelengths on a link. Let and denote those vertices corresponding to which we have free wavelengths on link and link respectively. The cardinalities of sets and are and (free wavelengths on link and , respectively). Let denote the neighbors of the vertices in set . Then we are interested in finding the probability of having such neighbors of vertices in which are incident with the vertices in . Then, for Pr Pr Pr (
The last equality in (3) has the summation running from to . This is because the minimum cardinality (neighbors) of will be or , depending on whichever is smaller, and the maximum cardinality (neighbors) can be either or , depending on whichever is smaller, as the number of neighbors cannot be more than (the capacity of the link).
When there is only one wavelength (vertex) free belonging to the set , i.e., , then the number of neighbors of that vertex will be exactly , and in this case the lower and upper limits of summation coincide. In the case when one has exactly wavelengths (vertices) free in the set , i.e., , and if all the wavelengths are adjacent, then we have only distinct neighbors. This one extreme case constitutes the lower limit. Had all these free wavelengths (vertices) been sufficiently apart from one another so that each contributes distinct neighbors then we will have distinct neighbors provided is less than ; otherwise this number will be . This other extreme case constitutes the upper limit of the summation. For all other cases, the number of neighbors lies between these two limits. Note that in general but interestingly, it can be shown that . 1 When , our model reduces to Birman's model [3] for no wavelength conversion. In this case, , by symmetry. We can rearrange the links such that the links of the path have free wavelengths in increasing order and then we can use (3) to compute . When , the method reduces to that given in [4] for full wavelength conversion.
The probability term, Pr in (3) 
where each is a contiguous set of vertices of size , and varies from 1 to as we can position contiguous vertices in ways because the conversion is assumed to be circularly symmetric. Let us denote the event by (given that ). Then the right-hand side of (5) 
because we can choose contiguous vertices in ways. Now consider one such contiguous set of vertices in the set , say set . As per our assumption, the vertices in set are contained in the "facing" vertices of the vertices in set . We denote this set of "facing" vertices as set which has cardinality . We want to choose vertices in such that their neighbors are in set . If any vertex is in the first vertices or the last vertices of the set , some neighbors must fall outside the range of set as shown in Fig. 2 . Therefore, vertices can be chosen only from vertices of set . The total number of ways in which set , such that , can be formed is . Therefore, the probability that , when is a set of contiguous vertices of size , is given by Pr
Therefore, from (5)- (7), we get Pr contiguous
We have already mentioned that Pr is lower bounded by the left-hand side of (8) given that . Thus, this does not yield a bound on Pr . We assume the following approximation holds for :
Pr
We will see from numerical results later that this yields a good approximation to the blocking probabilities, at least for small values of the conversion degree .
For the general case of an -hop route, , let be the number of the idle wavelengths on the th hop. We condition on the set of disjoint events , where . Recall that is a random variable denoting the number of possible outgoing wavelengths on route . We thus obtain the recursive relation (assume the first links to be the first link and the last link to be the second link): (9) where is given by (3).
D. Fixed Wavelength Routing
We consider a network with an arbitrary topology with links and wavelengths on each link. A route is a subset of links . Calls arrive for route as a Poisson stream with rate . An incoming call on route is set up if it finds a free wavelength on all the links from the possible choices of outgoing wavelengths with the given degree of limited wavelength conversion. If such a combination of wavelengths is not possible on the links constituting the path, then the call is blocked and lost. If the call is accepted, it simultaneously holds the wavelength/wavelengths on all the links on route for the duration of the call. The holding times of all the calls are assumed to be exponentially distributed with unit mean.
Let be the random variable denoting the number of idle wavelengths on link in equilibrium. Let and let Pr be the idle capacity distribution. Throughout the following approximations are made.
1) The random variables are mutually independent. Then where . 2) When there are idle wavelengths on link , the time until the next call is set up on link is exponentially distributed with parameter . This parameter is the call set-up rate on link when wavelengths are free on link . From the approximation (2), it follows that the number of idle wavelengths on link can be viewed as a birth-and-death process, and therefore we have (10) where (11) The call set-up rate on link , when there are idle wavelengths on link , , is obtained by combining the contributions from the request streams to routes of which link is a member. If the route consists of a single link, then the probability term Pr under the summation sign in (12) will be equal to 1. If the route consists of two links, let . The term Pr can be further simplified by conditioning it on the set of disjoint events .
Pr
Pr Pr (13) where is given by (3).
E. Computation of Blocking Probability
The blocking probability for calls to route is
Pr if if (14)
Blocking probability for routes with more hops can also be calculated similarly.
F. Algorithm for Computation of Blocking Probability
The algorithm below uses a fixed-point method to compute the approximate blocking probabilities for the traffic on all the routes and the (average) blocking probability of the network. 1) Initialization. For all the routes let . For , let , and let be chosen arbitrarily, . 2) Determine from (10) and (11). 3) Obtain new values of , using (12). (Note that (13) must be used in (12) for 2-hop paths, and suitable generalizations for paths with more hops.) 4) Calculate , for all routes , using (14). If (where is suitably small positive quantity), then terminate. Otherwise let , and go to step 2. 5) The (average) blocking probability of the network is then given by 
III. NUMERICAL RESULTS
We present simulation and analytical results for an example network with 6 nodes and 7 links (Fig. 3) , a 6-node ring network, and a mesh network (Fig. 4) for three different cases: no wavelength conversion, limited wavelength conversion with degree , and full wavelength conversion. For the first two networks, we consider connections between all possible node pairs, so that the number of possible routes is 15. For the mesh network, we have taken 80 routes. (These are the routes for which the minimum hop path is unique.) The offered traffic on each route is assumed to be equal (uniform traffic) and we plot the (average) blocking probability (over all routes) versus the total offered load to the network.
In simulation, for limited wavelength conversion, we choose a wavelength out of the free wavelengths on the first hop uniformly randomly and at each subsequent hop look for the possible outgoing wavelengths with the given degree of wavelength conversion. If more than one such wavelength is available, then once again we choose a wavelength uniformly randomly on this hop. This is repeated on subsequent hops. If, at some hop (other than the first), there is no wavelength free which is in the possible subset of outgoing wavelengths, then we fall back to the previous hop and choose a wavelength out of the free wavelengths minus the earlier chosen free wavelength/wavelengths uniformly randomly. If we exhaust all the free wavelengths on the first hop, and still cannot find any possible outgoing wavelength on some hop then we block the call.
For the six-node example network (Fig. 3) , we plot the graphs for 16 wavelengths showing the performance of full, no, and limited wavelength conversion. From Fig. 5 , we see that the performance obtained by limited wavelength conversion with degree is close to the performance of full conversion and with degree it almost matches the full wavelength conversion performance. In Fig. 6 , we show that our analysis results for limited wavelength conversion with degree is in good agreement with the results of simulations. In Fig. 7 , we plot the curves for 16 wavelengths for a six-node ring network and with conversion degree , we can virtually achieve the same performance as that of full conversion. In Fig. 8 , we compare the results of our analysis and simulations for and see that they match quite well. For the mesh network (Fig. 4) , we consider 18 one-hop, 29 two-hop, 25 three-hop, and eight four-hop routes. We show graphs for 10 wavelengths. From Fig. 9 , we note that the blocking performance of limited wavelength conversion with degree is very close to that of full wavelength conversion. Our method gives accurate results for higher values of as well, for example, as shown in [11] . Table I shows path-wise blocking probabilities for the network shown in Fig. 3 . Simulation results are given as 95% confidence intervals estimated by the method of batch means. The number of batches is 20. We consider all the 15 possible routes and each link has a capacity of eight wavelengths. The total offered load to the network is six Erlangs and . Since the load is uniformly distributed on all the paths, each path has a load of 0.4 Erlangs. We observe that analytically calculated blocking probabilities are in good agreement with the simulation results. We have shown the result for low load as the calculation of blocking probability using our algorithm becomes more accurate as the load is increased. The reason for this is that the algorithm presented in the paper is a reduced load algorithm, and it is well known that it gives accurate results as the load is increased [4] . The graphs plotted also show that at higher load, simulation results match very well with the analytical results. We have presented three examples to show the accuracy of our analytical method in estimating the blocking probabilities. In all these examples, limited conversion provides a marked improvement in the blocking performance of the network as compared to no wavelength conversion. Furthermore, the performance obtained by limited conversion with small values of the conversion degree, such as or , is very close to the blocking performance of the network with full wavelength conversion.
The only drawback of our analytical model for limited wavelength conversion presented above is that its computational requirements are significant: exponential in terms of the number of hops. The complexity of calculating the blocking probability is of the order of , where denotes the number of hops in route . Thus, when we have to consider a large number of wavelengths on each link, or when the diameter of the network is large, our method will be intractable. We note, however, that this computational complexity is the same as that of the model for no wavelength conversion [3] . Very recently, a method of significantly reducing the computational complexity in the no wavelength conversion case has been described by Sridharan and Sivarajan [10] . The adaptation of this reduced complexity model for the limited wavelength conversion case, considered in this paper, is the subject of future research.
IV. CONCLUSION
In this paper, we have proposed a method to calculate the average blocking probability in optical networks using limitedrange wavelength conversion. The proposed analytical model in this paper is applicable to any topology. Using this model, we have demonstrated that the performance improvement obtained by full-wavelength conversion over no-wavelength conversion can be achieved by using limited-wavelength conversion with the degree of conversion, , being only 1 or 2.
The model presented in this paper, especially that used for computing the , can also be used for alternate routing with limited-range wavelength conversion by extending the method presented in [6] . This is also a topic for further research.
